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Abstract
We present a new reaction model, which permits the description of reactions where both colliding nuclei present a
low threshold to breakup. The method corresponds to a four-body extension of the Continuum Discretized Coupled
Channel (CDCC) model. We first discuss the theoretical formalism, and then apply the method to 11Be+d scattering at
Ec.m. = 45.5 MeV. The
11Be nucleus and the deuteron are described by 10Be+n and p+ n structures, respectively. The
model involves very large bases, but we show that an accurate description of elastic-scattering data may be achieved only
when continuum states of 11Be and of the deuteron are introduced simultaneously. We also discuss breakup calculations,
and show that the cross section is larger for 11Be than for the deuteron. The present theory provides reliable wave
functions that may be used in the analysis of (d, p) or (d, n) experiments involving radioactive beams.
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The study of exotic nuclei is one of the main interests
in modern nuclear physics [1]. Owing to the radioactive
nature of exotic nuclei, they cannot be used as targets,
and extensive efforts have been made over the last few
decades to achieve high-quality radioactive beams [2]. Var-
ious processes, such as elastic scattering, breakup, fusion
or nucleon transfer are used to derive properties of exotic
nuclei [3]. Many theoretical [4, 5] and experimental [6, 7]
works have been performed by using nucleon stripping in
(d, p) or (d, n) reactions. In these conditions, the radioac-
tive beam impinges a deuteron target. A nucleon (either a
neutron or a proton) is transferred to the incident particle,
and the other nucleon is detected.
On the theoretical side, reactions involving exotic nu-
clei have been considered by many authors, through a vari-
ety of approaches. The main characteristic of exotic nuclei
is their low breakup threshold, and reaction models should
include continuum effects as accurately as possible. The
first theoretical treatments of this process addressed the
elastic scattering of deuterons on stable targets [8]. These
showed that the low binding energy of the deuteron (2.2
MeV) indirectly modifies the elastic scattering cross sec-
tion through breakup effects. This property triggered the
development of the Continuum Discretized Coupled Chan-
nel (CDCC) method, where the breakup of the projectile
is simulated by a discrete approximation of the continuum
[8, 9, 10, 11]. The CDCC method is very successful in ex-
plaining deuteron scattering on various targets [12]. Con-
cerning breakup, and more specifically deuteron breakup,
many works have been performed. In particular, the adi-
abatic approximation considers the p − n coordinate as a
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parameter, and assumes that the deuteron energy remains
constant [13, 14]. These approximations permit a strong
simplification of the CDCC calculations, but are accurate
at high energies only. In addition, they cannot be directly
applied to four-body systems.
The characteristics of deuteron breakup is also seen in
weakly bound systems. As such, the deuteron may be con-
sidered as the simplest and lightest exotic nucleus. More-
over, it is clear that the CDCC method is well suited to
reactions involving exotic nuclei, produced by radioactive
ion-beam facilities. A typical example is the 11Be nucleus
where the neutron separation energy is 0.50 MeV only.
However, as several nuclei present a three-body structure
(such as 6He = α + n + n or 11Li =9 Li + n + n), further
development of the CDCC method has been made to deal
with three-body projectiles [15]. It has been clearly shown
that both the three-body structure and the low breakup
threshold must be included in the reaction model, to repro-
duce satisfactorily the experimental data. More recently,
extensions to microscopic approaches, where the projec-
tile is described by a many-body structure, have been per-
formed [16].
In current reaction models, one of the colliding nu-
clei (in general, the target) is assumed to be structureless.
While this approximation is quite justified for many reac-
tions investigated so far, as mentioned before, an impor-
tant contribution in the study of exotic nuclei is provided
by the (d, p) and (d, n) stripping reactions (see, for exam-
ple, Ref. [7] with 11Be(d, p)12Be). In these conditions, the
entrance channel is formed by two nuclei presenting a low
breakup energy, and the traditional CDCC method, as-
suming that one of the colliding nuclei is structureless, is
no longer sufficient.
In this Letter, we propose a new extension of the CDCC
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method, where the breakup of both nuclei is included, al-
lowing the wave functions needed for nucleon-transfer re-
actions to be calculated. The present model can also be
used to compute elastic scattering cross sections. Recent
data have been obtained for 11Be+d scattering at 26.9A
MeV [17]. The 11Be+d system provides an ideal test of our
method: 11Be can be accurately described by a 10Be+n
structure, and the p + n structure of the deuteron is ob-
vious. The main goal of this work is to assess the impor-
tance of 11Be and d breakup in the elastic process. The
applications, however, are not limited to elastic scattering.
The CDCC method provides other cross sections, such as
inelastic, reaction or breakup cross sections. Partial ex-
perimental data on 11Be+d breakup are available [17] and
will be compared to the present four-body model.
We consider the scattering of two nuclei, each of them
presenting a two-body cluster structure. The coordinates
are shown in Fig. 1 for the 11Be+d system: r1 and r2 are
the internal coordinates, and R is the relative coordinate
between the colliding nuclei. The Hamiltonian of this four-
body system is given by
H = H1(r1) +H2(r2) + TR + V (R,r1, r2), (1)
where TR is the relative kinetic energy. The potential term
V is defined from cluster-cluster optical potentials Uij as
V (R,r1, r2) =
2∑
i=1
2∑
j=1
Uij , (2)
where the radial dependences of the Uij are easily ex-
pressed as a function of r1, r2, andR. Notice that Uij con-
tains the cluster-cluster Coulomb potential. In this way,
Coulomb breakup effects are included exactly.
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Figure 1: Cluster configuration and coordinates used in the four-
body model for the 11Be+d system.
In (1), H1 and H2 are the internal Hamiltonians of the
colliding nuclei, and are given by
Hi(ri) = Tri + Vi(ri), (3)
where Tri is the internal kinetic energy, and Vi(ri) a two-
body (real) potential describing nucleus i. The potentials
are chosen so as to reproduce the low-lying states of the
nucleus.
Our goal is to solve the Schro¨dinger equation associated
with Eq. (1) for scattering states. This four-body scatter-
ing problem can be approximately solved with the CDCC.
We first define internal wave functions ΦIik (ri) from
HiΦ
Ii
k (ri) = E
Ii
k Φ
Ii
k (ri), (4)
where Ii is the angular momentum and k the level of exci-
tation (the internal parity is implied in Ii). In the CDCC
method, the radial part of wave functions ΦIik (ri) is ex-
panded over a set of N basis functions as
ΦIik (r) =
N∑
n=1
cIikn un(r), (5)
where un(r) are appropriate functions, such as Gaussian
or Lagrange functions. In this way, Eq. (4) is converted
to a simple eigenvalue problem. Negative energies EIik
correspond to physical states, and positive energies cor-
respond to square-integrable approximations of the con-
tinuum [9]. These states do not correspond to physical
states, but are crucial to simulate the breakup of nuclei 1
and 2. Many calculations have been performed within a
three-body CDCC (see a recent review in Ref. [11]), but
the four-body extension, which represents a huge increase
in the computational demand, is necessary to investigate
reactions where both nuclei have a low breakup threshold,
such as 11Be+d for example.
The total four-body wave function is then expanded
over the internal states as
ΨJMpiω (R,r1, r2) =
∑
c
gJpiω,c(R)ϕ
JMpi
c (ΩR, r1, r2), (6)
where ω is the entrance channel, and where the channel
function with orbital angular momentum L is defined by
ϕJMpic (ΩR, r1, r2) =
[[
ΦI1k1(r1)⊗ Φ
I2
k2
(r2)
]I
⊗ YL(ΩR)
]JM
. (7)
In these definitions, c indicates indices c = (I1, I2, k1, k2, I, L),
and I is the channel spin. This coupling mode is standard
in scattering theory. Let us discuss the summation over c
in Eq. (6). Continuum states of both nuclei are simulated
by pseudostates ΦIik corresponding to positive energiesE
Ii
k .
In actual applications, the summation is truncated by a
maximum energy and by a maximum angular momentum.
In practice, a reasonable number of pseudostates is in the
range ∼ 30 − 50. In the present model, owing to the ex-
istence of pseudostates in both colliding nuclei, the num-
ber of channels greatly increases. This leads to calcula-
tions where a thousands channels may be required. Deal-
ing with extremely large systems becomes feasible with
modern computers, but still represents a challenge for the
future of reaction models [18].
The radial functions gJpiω,c(R) are obtained from the
coupled-channel system
(TL + Ec − E)g
Jpi
ω,c(R) +
∑
c′
V Jpic,c′(R)g
Jpi
ω,c′(R) = 0,(8)
with the kinetic-energy operator
TL = −
~
2
2µ
(
d2
dR2
−
L(L+ 1)
R2
)
. (9)
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In these definitions, µ is the reduced mass, and Ec is the
energy of channel c. The coupling potentials V Jpic,c′(R) are
obtained from matrix elements of the potential (2) between
channel functions (7). In practice, potential (2) is first
expanded in multipoles, by numerical integration over the
various angles (five angles). Then the matrix elements
V Jpic,c′(R) involve analytical integrals over the angles and
numerical integrals over the radial coordinates r1 and r2.
We use a Lagrange basis [19] to expand the radial functions
(4). The main advantage of Lagrange functions is that
integrals involving them are simple, and do not require any
numerical quadrature (see, for example, Refs. [20, 19]).
At large distance R, the radial functions tend to a com-
bination of Coulomb functions as
gJpiω,c(R)→ v
−1/2
c
(
Ic(kcR)δcω −Oc(kcR)U
Jpi
ω,c
)
, (10)
where Ic(x) and Oc(x) are the incoming and outgoing
Coulomb functions, and kc (vc) is the wave number (veloc-
ity) in channel c. Scattering states associated with (8) are
obtained within the R-matrix theory [21, 22] which pro-
vides the scattering matrix UJpiωc . From scattering matrices
in all partial waves Jpi, the various cross sections can be
obtained by standard formulae [23].
Recently obtained data, complemented by partial break-
up data, provide an opportunity to test the present four-
body model. Chen et al. [17] studied the 11Be+d elas-
tic scattering and breakup at Elab(
11Be) = 26.9A MeV
[17], which corresponds to Ec.m. = 45.5 MeV. The
11Be
nucleus is described by a 10Be+n potential [24], includ-
ing a spin-orbit term. The 1/2+ and 1/2− bound-state
energies are adjusted by an appropriate choice of the po-
tential. For the deuteron, the p + n Minnesota potential
[25] is adopted; this nucleon-nucleon interaction fits the
experimental deuteron ground state, and some low-energy
scattering properties.
The total potential V [see Eq. (2)] involves four op-
tical potentials: 10Be+n and 10Be+p are taken from the
Koning-Delaroche global potential [26]. We choose the
Minnesota potential for the n+ n and n+ p interactions.
To test the sensitivity of the cross sections against the
optical potential, we also perform calculations with the
Chapel Hill [27] compilation (referred to as CH89) for
10Be+n and 10Be+p. The CDCC calculations are per-
formed with I1 = 1/2
±, 3/2±, 5/2+ (i.e. orbital angular
momenta 0, 1, 2) and Emax = 10 MeV for
10Be+n, and
with I2 = 0
+, 2+ and Emax = 15 MeV for p+n. These two-
body systems are described by 25 Gauss-Laguerre func-
tions with a scaling parameter h = 0.4 fm (see Refs. [19, 20]
for detail). For the 11Be+d relative motion, we use angu-
lar momenta up to Jmax = 71/2; and a channel radius
a = 25 fm with 50 Gauss-Legendre basis functions. Many
tests have been performed to check the stability of the
cross sections when these numerical conditions are var-
ied. In particular, a special attention must be paid to the
choice of the channel radius, which stems from a compro-
mise [21]. Large values need many basis functions, and
small values may not satisfy the R-matrix conditions. In
systems involving heavy targets, Coulomb couplings need
in general values larger than 25 fm. However, for light sys-
tems, channel couplings around 25 fm are small enough to
provide stable cross sections.
The 11Be+d elastic cross section data are shown in
Fig. 2, together with calculations made under four dif-
ferent conditions. In the first calculation (referred to as
“gs(Be)+gs(d)”), only the ground states of 11Be and d are
included (in other words, all breakup effects are absent).
Although the shape of the cross section is reasonably well
reproduced, its amplitude is overestimated, reaching a fac-
tor of two near the minimum around 22◦. The introduc-
tion, either of 11Be breakup, or of the deuteron breakup,
improves the agreement. However at small angles θ . 35◦,
where the error bars are the smallest, the CDCC still over-
estimates the experimental data in these conditions. The
angular region θ ≤ 35◦ is very well reproduced when con-
tinuum states of 11Be and of the deuteron are included
simultaneously. This result is consistent with the expec-
tation: as 11Be and d present both a low breakup thresh-
old, including pseudostates in both nuclei is necessary to
accurately reproduce experiment.
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Figure 2: Ratio of the 11Be+d elastic cross section to the Rutherford
cross section at Ec.m. = 45.5 MeV. Notation “gs” means that only
the ground state is included, and “BU” that all continuum states are
included. The black dashed line is obtained with the CH89 optical
potential for 10Be+n and 10Be+p. The data are reproduced from
Ref. [17].
At large angles, the full calculation is slightly lower
than the data (by about 15%). This type of discrepancy
is also found in other theoretical calculations [17]. The
same calculation, involving the 11Be and d breakup, has
been repeated with the CH89 10Be+n and 10Be+p optical
potentials (dashed line). The difference with the Koning-
Delaroche potential is marginal. It shows that the main
issue is to include continuum states of the target and of
the projectile.
The authors of Ref. [17] perform a three-body CDCC
calculation, where 11Be is described by a 10Be+n configu-
ration, and where the deuteron is considered as point-like.
This model includes 10Be excitation, but ignores the ex-
plicit treatment of the deuteron breakup. This missing
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process is simulated by effective n+d and 10Be+d optical
potentials, and the resulting 11Be+d cross sections present
some sensitivity to these potentials. In contrast, our model
only involves nucleon-nucleus optical potentials, which are
well known in the literature. It is possible that 10Be core
excitations would have a weaker effect when 11Be and d
breakups are explicitly taken into account.
The present model also provides breakup cross sections.
In Ref. [17], the 11Be breakup was measured by detecting
events in two energy ranges, corresponding either to Ex ∼
0.5−3 MeV or to Ex ∼ 3−5.5 MeV. The CDCC results are
presented in Fig. 3, which shows an excellent agreement
between theory and experiment in the range Ex ∼ 0.5− 3
MeV. For higher 11Be energies, the calculations slightly
underestimates the data above θ ≈ 25◦, but the angular
dependence is realistic.
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Figure 3: 11Be+d breakup cross sections at Ec.m. = 45.5 MeV, for
two 11Be energy ranges. The dashed lines are obtained with the
CH89 optical potential for 10Be+n and 10Be+p. The data are taken
from Ref. [17].
Having data at smaller angles would be welcome since
the breakup cross section is predicted to be significantly
larger. Again, to test for systematic dependence on the
choice of potential, we have performed calculations with
the CH89 10Be+n and 10Be+p optical potentials. Differ-
ences appear at small angles (θ < 10◦), but both inter-
actions provide similar cross sections in the experimental
range.
In Fig. 4, we analyze the integrated breakup cross sec-
tion up to Ec.m. = 40 MeV. The model provides single
breakup (only 11Be or d breaks up) and double breakup
(both nuclei break up) cross sections. The integrated cross
sections are obtained from the scattering matrices as
σBU =
pi
2k2ω
∑
Jpi
(2J + 1)
∑
c
|UJpiω,c|
2, (11)
and the summation over c involves channels as required by
the considered process.
The model predicts 11Be single breakup to be the dom-
inant process. This difference between 11Be and d breakup
can be explained by the smallness of E1 contribution in
d breakup. As expected, the second order process (11Be
and d breakup) is small compared to the first order cross
section.
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Figure 4: 11Be+d integrated breakup cross sections. The labels refer
to single breakup (11Be or d), and to double breakup (11Be + d).
In conclusion, we propose an extension of the CDCC
method, where the breakup of both colliding nuclei is ex-
plicitly included. The model is based on a coupled-channel
approach, where the number of channels can be extremely
large (up to several thousands). However, this limitation
can be solved with modern computer capabilities. The R-
matrix method, used to solve the coupled-channel equation
(8) is stable, even for closed channels. Using propagation
methods [21] is necessary with large bases, since they per-
mit a significant reduction of the computer times.
Application to 11Be+d elastic scattering and compari-
son with recent data shows that the cross section without
any breakup effect is significantly overestimated. In con-
trast, the introduction of the 11Be and deuteron breakup
provides an excellent agreement with experiment. This re-
sult is obtained without any parameter fit, since the only
inputs are the optical potentials, which are taken from
the literature. We have shown that the sensitivity to the
10Be+p and 10Be+n potentials is weak. The main require-
ment to reproduce the data is to include all breakup effects.
The model is not limited to elastic scattering. As in other
CDCC approaches, breakup or inelastic cross sections can
also be derived. A possible improvement of the present
model is to include antisymmetrization effects between the
neutrons associated with d and with 11Be. However, this
goes far beyond the CDCC limitation, i.e. that the optical
potentials between the constituents are local and angular-
momentum independent.
Other applications may be considered, such as 8Li+d
[28] or 7Li+7Be [29] for example. Also in nuclear as-
trophysics, reactions such as 13C+13C [30] need accurate
models. On the other hand, DWBA analyses of (d, p) and
(d, n) cross sections involve nucleus + d wave functions
[23], which could be taken from the present model. A fur-
4
ther extension to systems with two- and three-body nu-
clei, or even with two three-body nuclei, is feasible but
represents a computational challenge for future reaction
modeling.
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